Abstract. The light-by-light contribution to the anomalous magnetic moment of muon (g − 2)µ from the hadronic exchanges in the neutral pseudoscalar meson channel is calculated in the nonlocal chiral quark model. The full kinematic dependence of the meson-two-photon vertices from the virtualities of the mesons and photons is taken into account. The status of various phenomenological and QCD shortdistance constraints is discussed and the comparison with the predictions of other models is performed. It is demonstrated that the effect of the full kinematic dependence in the meson-photon vertices is to reduce the contribution of pseudoscalar exchages to a PS,LbL µ by approximately factor 1.5 in comparison with the most of previous estimates.
Introduction
The study of the anomalous magnetic moments (AMM) of leptons, a = (g − 2)/2, has played an important role in the development of the standard model. At the present level of accuracy, the muon AMM, a µ , leads to the sensitivity to effects of new physics, with particles in the mass range of a few hundred GeV/c 2 . Comparison of the experimental measurements of the muon AMM [1] with the predictions of the standard model (see, for example [2] ) shows deviation by approximately 3σ. The uncertainties of the standard model value for a µ are dominated by the uncertainties of the hadronic contributions a Strong µ , since their evaluation involves methods of nonperturbative QCD at large distances. The contribution to the muon AMM to leading order in the QED coupling constant α comes from the hadronic vacuum polarization and the next-to-leading corrections consist of the contributions which are the iteration of the leading order term plus the contribution from the light-by-light (LbL) scattering process. The absolute values of the leading and next-toleading terms are differed by one order of magnitude, but the theoretical accuracy of their extraction is comparable and dominates the overall theoretical error of the standard model result. The hadronic vacuum polarization contribution to the muon AMM is known with accuracy better than one percent owing to the phenomenological analysis of the inclusive e + e − → hadrons and τ → hadrons data [3] . This, however, is not the case for the LbL contribution known from various QCD motivated approaches with accuracy of order 50%. It is the LbL contribution, which will dominate the theoretical error of the standard model prediction in the near future, and more realistic approaches are needed for a better understanding.
In general, the LbL scattering amplitude is a complicated object for calculations. It is a sum of different diagrams, the quark loop, the meson exchanges, the meson loops and the iterations of these processes. Fortunately, already in the first papers [4, 5, 6] devoted to the calculation of the hadronic LbL contribution, it was recognized that these numerous terms show a hierarchy. This is related to existence of two small parameters: the inverse number of colors 1/N c and the ratio of the characteristic internal momentum to the chiral symmetry parameter m µ /(4πf π ) ∼ 0.1. The latter suppresses the multiloop contributions, so that the leading contributions are due to the quark loop diagram and the two-loop diagrams with mesons in the intermediate state. Here the contribution of the diagram with intermediate pion is enhanced by small pion mass in the meson propagator.
Different approaches to the calculation of the pseudoscalar meson contributions to the muon AMM from the light-by-light scattering process are used. These approaches can be separated in two groups. The first one consists of various versions of the vector meson dominance model (VMD) [6, 7, 8, 9, 10] and the second one of QCD inspired effective models (EM). They include different versions of the Nambu-Jona-Lasinio model [11, 12] , the models based on nonperturbative quark-gluon dynamics, like the instanton liquid model [13] , the Schwinger-Dyson model [14, 15] (DSE) or the holographic models (HM) [16] . To reduce the model dependence of various approaches, different constraints on their parameter space are employed. One kind of important constraints on the models follows from the phenomenology of the two-photon widths of the pseudoscalar mesons Γ (P → γγ) and their transition form factors F P γγ * −M 2 P ; 0, q 2 first emphasized in [6] . Another set of constraints follows from the large momentum asymptotics for the meson transition form factors [6, 7] and for the total light-by-light scattering amplitude considered in [8, 13] , obtained using perturbative QCD. In addition, the model amplitudes have to be consistent with the 4-momentum conservation law. Finally, the model calculations should be tested by calculations of the hadronic vacuum polarization to the muon AMM [17, 18, 19, 20, 21] .
The present work is devoted to the calculation of the pseudoscalar mesons contribution of the hadronic lightby-light scattering process to the muon AMM within the nonlocal chiral quark model (NχQM) [22, 23, 24] . In earlier work [13] the contribution of the pion exchange was estimated within this approach in the chiral limit. Now we include the effect of the current quark masses and extend the calculations also to η and η ′ meson exchanges. As was emphasized in [13] , one of the main advantage of the effective model approaches like NχQM is to control the full kinematical dependence of the LbL amplitude. The paper is organized as follows. In Sect. 2 the basic elements of the effective model is given. In Sect. 3 the properties of the three-point amplitude with arbitrary pseudoscalar meson and photon virtualities are considered. The numerical results on the light-by-light contribution in the pseudoscalar channel obtained within the nonlocal chiral quark model are given in Sect. 4. Sect. 5 is devoted to discussion of the constraints for the LbL amplitude that allow to diminish the model dependence of the estimates. Sect. 6 and 7 contain our results in comparison with other model calculations and conclusions.
NχQM Lagrangian, T matrix and η
where q (x) are the quark fields, m c is the diagonal matrix of the quark current masses 2 , G and H are the fourand six-quark coupling constants. Second line in the Lagrangian represents the Kobayashi-Maskawa-t'Hooft determinant vertex with the structural constant
For simplicity in this work we do not consider an extended model that includes other structures besides the pseudoscalar (P) and scalar (S) ones. 2 We consider the isospin limit mc,u = m c,d = mc,s.
where λ a are the Gell-Mann matrices for a = 1, .., 8 and λ 0 = 2/3I. The nonlocal structure of the model is introduced via the nonlocal quark currents
where M = S, P and Γ a S = λ a , Γ P = iγ 5 λ a , and f (x) is a form factor reflecting the nonlocal properties of the QCD vacuum.
The model (1) can be bosonized using the stationary phase approximation which leads to the system of gap equations for the dynamical quark masses
with
where
is the nonlocal form factor in the momentum representation.
The vertex functions and the meson masses can be found from the Bethe-Salpeter equation. For the separable interaction (1) the quark-antiquark scattering matrix in pseudoscalar channel becomes
where p i are the momenta of external quark lines, G and Π(p 2 ) are the corresponding matrices of the four-quark coupling constants and the polarization operators of pseudoscalar mesons (p = p 1 +p 2 = p 3 +p 4 ). The meson masses can be found from the zeros of determinant det(
2 )) = 0 and theT-matrix for the system of pseudoscalar mesons can be expressed in the form
where M a are the meson masses,
In general case of three unequal quark masses it is necessary to solve the π 0 −η−η ′ (or η 0 − η 3 − η 8 ) system factorizing in the isospin limit into the π 0 and η − η ′ systems. For the η − η ′ system it is convenient to diagonalize the scattering matrix by orthogonal transformation
As a result, the mesonic vertex functions introduced in (5) become
where g a (p 2 ) and θ(p 2 ) are the meson renormalization constants and mixing angles depending on the meson virtuality. The renormalization constants are defined through the unrenormalized meson propagators D a (p 2 ) as
The meson mixing angle depends on the virtuality
Therefore
are different for the on-shell η and η ′ mesons. For numerical estimations we use the Gaussian nonlocal form factor
and the model parameters obtained in [24] . In that work these parameters (the current quark masses m c,i , the coupling constants G and H, and the nonlocality scale Λ) are fixed by requiring that the model reproduces correctly the measured values of the pion and kaon masses, the pion decay constant f π , and the η ′ mass (parameter sets G I , G IV ) or the η ′ → γγ decay constant g η ′ γγ (sets G II , G III ). For completeness, we present the parameter sets G I−IV and the basic meson properties in Tables 1 and 2 as they were determined in [24] . The sets G I , G IV vary by different input for the nonstrange current quark mass, while G II , G III are two solutions of the same fitting procedure.
Anomalous triangles
By using the nonlocal chiral quark model 3 , the triangular diagram with external pseudoscalar meson and two photon legs with arbitrary virtualities (Fig. 1) can be written as
with the photon momenta q 1,2 and the polarization vectors ǫ 1,2 , p = q 1 + q 2 . For different pseudoscalar meson states one has Table 1 . The model parameter sets obtained in [24] . Table 2 . The basic meson properties for different parametrizations obtained in [24] .
is the first order finite-difference derivative. From (17) one can easily obtain the expressions for some special kinematics
In particular, the kinematics displayed in (18) is of special interest for the hadronic exchange LbL calculations (see Eq. (20) below). In (19) the first term is due to the axial anomaly, while the second term represents the correction due to explicit breaking of the chiral symmetry by current quark mass.
4 Light-by-light hadronic contribution to the muon AMM in the pseudoscalar meson channel The light-by-light contribution due to exchanges of the light hadrons in the intermediate pseudoscalar channel to the muon AMM is shown in Fig. 1 and can be written in the form [26] 
where q 3 = − (q 1 + q 2 ) . The functions I 1 and I 2 are
are obtained [26] after averaging over the directions of muon momentum p
In (21) and (22) the notations are (
and M µ is the muon mass
It is instructive to investigate the pion contribution to the muon AMM a LbL,π 0 µ for the SU (2) reduction of the nonlocal model (1) . In this case, in the isospin limit, there are three model parameters: the current m c,u and dynamical m d,u quark masses and the nonlocality parameter Λ. Varying one parameter, say m d,u , in some region, one can fix other parameters by using as input the pion mass and the two-photon decay constant of the neutral pion 4 . The pion mass is known with high accuracy, but 4 The properties of the charged pion, namely the mass and the weak decay constant, are used as a rule for fixing the model parameters. In general, the difference between fixing the parameter space for the charged pion or for the neutral pion is the two-photon decay constant has an experimental uncertainty at the level of 3%. We investigate the dependence of a The results for the nonlocal SU (3) model (1) with the parameter sets G I−IV are given in Table 3 . Note, that the results for a are one order less than the contribution to the muon AMM due to the pion. due to small isotopic invariance breaking corrections induced by the electro-magnetic interaction and inequality of the nonstrange quark masses. We believe that for the problem under consideration it is better to fix the model parameters by the neutral pion properties. 3 . The γ * γ → π 0 transition form factor in NχQM (this work, parameter set GI is used), LMD+V [7] and NJL [12] models in comparison with the CELLO [28] , CLEO [29] and BABAR [30] data.
Constraints on P γγ vertex and LbL amplitude
A first phenomenological constraint on the anomalous vertex F P * γ * γ * q 
A second phenomenological constraint is, that the vertex for special kinematics, when the meson and one of the photon are on-shell, F P γγ * −M 2 P ; 0, q 2 , has to fit the data on the pseudoscalar meson transition form factors available from the measurements of the CELLO [28] , CLEO [29] and BABAR [30, 31] One can see the reasonable agreement of the NχQM (this work) and LMD+V (VMD) 6 [7] models predictions with existing experimental data, while the NJL model with the parameter set taken in [12] is not perfect in explanation of the data.
A first QCD constraint [35] is, that at large photon virtualities q 2 1 + q 2 2 → ∞ the meson transition form factor has the asymptotic behavior as
5 As was discussed in [32, 33, 34] , new, very interesting data of the BABAR collaboration [30, 31] at high momentum transfer of the photon do not affect very much the low energy observables.
6 Some details about the LMD+V and VMD models are given in Sect. 6. 
The γ * γ → η ′ transition form factor in NχQM (this work, GI set) and VMD [7] models in comparison with the CELLO [28] and BABAR [31] data points.
and for symmetric kinematics it fixes the asymptotic coefficient. In the case of pion one has
Note, that even, if both in the NχQM and the LMD+V approaches the 1/q 2 behavior is satisfied and power corrections are taken into account, these models are still incomplete to describe the radiative corrections O (α s ) calculated within the perturbative QCD [36] .
A second QCD constraint is to match the total lightby-light amplitude with three virtual (q i , i = 1, 2, 3) and one external magnetic (q 4 → 0) field
to the perturbative QCD asymptotics for the configurations when some of photon virtualities are large [8] . There are only two distinct kinematic regimes in the light-bylight scattering amplitudes: the Euclidean momenta of the three photons are comparable in magnitude q 
where (26), the amplitude A P S is the part of the total amplitude that is relevant to hadronic exchange in the pseudoscalar channel. The properties of the V A V correlator was studied in detail in [37] where it was shown that in the chiral limit of massless current quarks, due to properties of the axial anomaly, in the perturbative QCD one has for all a
moreover, these expressions for w (3, 8 ) L q 2 are exact QCD results for nonsinglet axial currents valid at any q 2 . This result was also confirmed within the effective instanton liquid model (NχQM) [38] . In [39] it was also demonstrated how the anomalous longitudinal part of the correlator w 
The function G 2 q [40] ) is symmetric in all its arguments and for the kinematics considered it is equal to
, if 4s > s 3 ,
and Li 2 (η) is the dilogarithm (Spence) function
Asymptotically, when some photon virtualities are large, one has
and
These asymptotics have to play important role in constraining the effective nonperturbative models when calculating the loops of dynamical quarks [13] .
In some recent works, however, it was claimed and used a so-called "new QCD constraint" on the pion exchange LbL contribution to the muon g − 2 [9, 16, 10] . This "constraint" is an attempt to restrict the behavior of the piontwo-photon vertex when the pion is off-shell. In particular, in [9] it was claimed that it would be followed from QCD that
where f 0 is the pion-decay constant in the chiral limit and χ is the quark condensate magnetic susceptibility in the presence of a constant external electromagnetic field. Let us show that (37) is inconsistent with OPE and QCD constraints (29)- (34) . Indeed, in [9] the off-shell pion form factor is constructed as (off-shell LMD + V model)
where M (1, 2) are the the masses of the lowest vector meson states, and the coefficients in (38) are fixed from the above mentioned constraints. Specifically, h 7 is due to the pion two-photon decay width, h 1 = 0 by requirement (25), h 5 is from the fit of the CLEO data [29] , h 2 is related to higher power corrections in (25) and fi-
= χ is fixed from the "new constraint" (37) . As a result from (38) one get the asymptotics of the pion-exchange part of the total LbL amplitude as
Comparing the asymptotic coefficients in (40) and (41) with corresponding QCD coefficients in (29) and (33) it is clear that the results based on the "constraint" (37) are in contradiction with the QCD asymptotics obtained in a model independent way. We have already commented in [13] on the origin of this confusion as an incorrect identification of the P V V correlator with πV V . In the latter case, it appears the physical hadronic pseudoscalar current that leads to much higher suppression (42) than it is shown in (37) where the local pseudoscalar current is used. The behavior (37) is in variance with the prediction of the NχQM where from (18) one has at large q
that does not violate the OPE results. At this point, for completeness, we remind that the LMD+V model [7] corresponds to the expression (38) at q 2 3 = 0. The VMD model, used in particular in [7] to describe the form factors of the η and η ′ mesons, is defined as
where the parameters Λ M are taken from the fit of CLEO data [29] : Λ π = 776 ± 22 MeV, Λ η = 774 ± 29 MeV, Λ η ′ = 859 ± 28 MeV. As a final remark we note, that from the results of [37, 8, 38] it is easy to get the correct expression that includes the magnetic susceptibility χ in the asymptotic expansion of the total light-by-light amplitude. Indeed, by using the OPE as it was shown in [37] (see also [38] ) due to spontaneous breaking of the chiral symmetry there is the power correction to w L q 2 that is linear in the current quark mass
Then, we have the power correction to the total light-bylight amplitude
which is suppressed by the current quark mass and by extra power of large momentum squared. Thus our conclusion is that the effective models, in particular the instanton liquid based NχQM model, are able to satisfy to most of phenomenological and QCD constraints and take into account the full kinematic dependence on virtualities of the mesons and photons. As to VMD based models, it is the LMD+V model [7] for the pion form factor that satisfies to many constraints. The most serious problem of the VMD models is that they do not take into account the dependence of the meson-twophoton vertex on the meson virtuality and thus the momentum conservation is violated in this vertex. We discuss this point with more details in the next section.
Results and comparison with other models
The results of different approaches in calculation of the pseudoscalar meson contributions to the muon AMM from light-by-light scattering mechanism are given in Table 4 . For the pion contribution to the muon AMM in NχQM we take the numbers from the SU (2) version of the model. For η and η ′ we use the average of the results obtained with different parameter sets, see Table 3 .
One can conclude that within the NχQM the pseudoscalar meson contributions to muon AMM are systematically lower then the results obtained in the other works. This effect can be understood considering more carefully the off-shell meson-two-photon vertex F P * γ * γ (p 2 ; p 2 , 0) entering the light-by-light contribution Eq. (20) . The comparison of the NχQM predictions for the pion in this kinematics (18) with other models is presented in Fig. 6 . One can see that the NχQM leads to stronger suppression of the vertex at all momenta. This explains why the results for a The situation with η's is more dramatic. For illustration in Fig. 7 we present on the same plot the vertex F P * γγ (p 2 ; 0, 0) in the timelike region p 2 ≤ 0 and the vertex F P * γ * γ (p 2 ; p 2 , 0) in the spacelike region p 2 ≥ 0 as they look in the NχQM and VMD models. These two special kinematics match at zero virtuality p 2 = 0. The remarkable feature of this construction is that the first kinematics is connected with the decay of pseudoscalar mesons into two photons at physical points F P γγ (−M 2 M ; 0, 0) = g P γγ , while the second kinematics is relevant for the light-bylight contribution to the muon AMM (20) . Thus, the part of Fig. 7 at p 2 < 0 describes the transition of the pion-twophoton vertex from the physical points of meson masses to the point with zero virtuality, which is the edge point of the interval where the integrand of (20) is defined. In VMD type of models, including LMD+V model, there is no such dependence on the meson virtuality. Thus, the value of this vertex at zero meson virtuality is the same as the value of the vertex at the physical points of meson masses, F 
NχQM VMD NJL oLMD+V Fig. 6 . The photon-pion vertex for the special kinematics when the pion and one photon are off-shell and have the same momenta, and another photon is real. The NχQM, Eq. (18), is given by the solid line, the VMD, Eq. (43), is by the dashed line, the NJL result [12] is by dash-dotted line, and oLMD+V, Eq. (38), is by the short dashed line. 
Conclusions
In this paper we have analyzed the pseudoscalar meson exchange contributions of the light-by-light process to a PS,LbL µ in the nonlocal chiral quark model. The basic new elements of our work are the inclusion of the full kinematic dependence of the pseudoscalar meson-photon vertex on virtualities of photons and mesons and the effect of current quark masses. This study extends the previous work [13] where the full kinematic dependence was considered for the pion in the chiral limit. The dependence of the vertices on the pion virtuality diminishes the result by about 20-30% as compared to the case where this dependence is neglected. We find that the most significant effect occurs for the contributions of the η and η ′ mesons to the muon AMM. In this case the results are reduced by factor about 3 in comparison with the results obtained in other effective quark models where the kinematic dependence was neglected. Thus our main conclusion is that within the realistic nonlocal chiral quark model the total contribution of pseudoscalar exchanges to a PS,LbL µ is by approximately factor 1.5 less than the most of previous estimates.
We reviewed the phenomenological and QCD constraints on the hadronic light-by-light scattering amplitude. It is shown that the effective models like NχQM are able to fit most of these constraints, while the models based on the vector meson dominance violate the momentum conservation law and lead to overestimation of the meson exchanges contribution to the muon AMM. We have also demonstrated that one of the constraints for the LbL amplitude recently discussed in the literature [9] is not justified.
An important next step in the investigations of the light-by-light scattering within the nonlocal chiral quark model is to perform an extension to the so-called complete calculation (see [42, 6, 12] ) that includes the scalar and axial-vector meson exchanges, as well as takes into account the quark and meson box diagrams. Due to contact terms arising in the nonlocal model, a calculation of the box diagrams is technically rather involved and will be presented elsewhere.
